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Concurrently Optimized Aeroelastic Couplings
and Rotor Stiffness for Alleviation of

Helicopter Aeromechanical Instability
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The effectiveness of optimized aeroelastic couplings and rotor stiffness properties is examined for improving the
aeromechanical stability characteristics of a helicopter with a soft-in-plane rotor, over a wide range of conditions,
to enable the eliminationof auxiliary lag dampers. A re� ned optimizationprocedure is developed that is robust and
numerically ef� cient. When this procedure is used, results indicate that it is possible to reduce signi� cantly the peak
instability levels, while enforcing constraints on design variables and the rotating � ap and lag frequencies. Concur-
rent optimizationof the aeroelastic couplings and rotor stiffness parameters, rather than a sequential optimization
strategy, yielded a design that provided maximum improvement in aeromechanical stability characteristics. The
optimized design for the ground contact condition also resulted in improved lag damping in hover and forward
� ight. By the appropriate selection of additional design parameters such as landing gear stiffness and damping, it
is possible to altogether alleviate instabilities in the optimized design.

Introduction

H ELICOPTERS with soft-in-plane rotors are susceptible to
aeromechanical instabilities due to the interaction of the

poorly damped regressing lag mode and the body modes.1 Tra-
ditionally, such helicopters have been equipped with auxiliary
lead–lag dampers to alleviate aeromechanical instability.However,
associated with the use of lag dampers are issues such as hub com-
plexity, weight, aerodynamic drag, and maintenance requirements.
Modern day elastomeric dampers are also expensive, susceptible
to fatigue, and exhibit complex nonlinear behaviors. Further, elas-
tomeric dampers are sensitive to temperature, exhibiting signi� cant
loss of damping at very high or very low temperatures, and have
been known to cause limit-cycle oscillations in rotor blades. As
a result of these factors, a variety of alternatives to auxiliary lag
dampers are under consideration. The elimination of lag dampers
would further simplify the hub and reduce weight, aerodynamic
drag, and maintenance costs. However, the design of a damperless,
yet aeromechanically stable, con� guration is truly a challenge.2;3

Whereas several concepts have shown promise, there has been no
generally accepted solution for eliminating lag dampers.

One alternative to auxiliary lag dampers for the provision of ad-
equate aeromechanical stability margins is the use of aeroelastic
couplings. Numerous studies4¡15 have demonstrated the potential
of aeroelasticcouplingsfor increasinglag mode damping. The most
noteworthy investigationsof the effects of aeroelastic couplings on
helicopter aeromechanical stability were conducted at the Army
Aero� ightdynamics Directorate at NASA Ames Research Center.
Initial investigations,begun over 20 years ago, examined the effects
of pitch– lagand � ap– lagcouplingsonan isolatedhingelessrotor.4¡6

These studiesindicatedthat a combinationof thesecouplingswas ef-
fectivein increasingrotor lag damping.Further studiesexpandedthe
investigation to examine the effects of aeroelastic couplings on the
coupledrotor–bodyaeromechanicalstabilityof a hingelessrotor.7¡9

It was found that combinations of aeroelastic couplings were ben-
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e� cial for the aeromechanical stability characteristics, particularly
at higher values of collective pitch.

Other work in this area10¡14 has examined the effects of aeroe-
lastic couplings on aeromechanical stability characteristics under
various operating conditions. All of these investigations have pri-
marily focused on parametric studies of stability trends, examining
discrete values of the coupling parameters at a limited number of
operating conditions.

For aeroelastic couplings to be used as a practical alternative
to auxiliary lag dampers, they must be able to provide acceptable
levels of stability over a wide range of operating conditions, that
is, variations in thrust level, variations in body inertia, and ground
contact, as well as airborne condition. This is a challenge, because
different operating conditions often have con� icting requirements
for stability augmentation. For example, a value of pitch–� ap cou-
pling having a stabilizing in� uence at a � at pitch condition may be
destabilizing at a high-thrust condition. One strategy for the deter-
mination of favorable values of aeroelastic couplings, investigated
in Ref. 15, used formal optimization techniques to address these
con� icting stability requirementsand to identify a unique combina-
tion of aeroelasticcouplingparameters that signi� cantlyaugmented
lag mode damping over a broad range of operating conditions.

Whereas aeroelastic couplings can positively in� uence aerome-
chanical stability, they also have a signi� cant effect on the rotor
frequencies, particularly � ap frequency. Values of aeroelastic cou-
plings that are generallystabilizingfor ground resonancemay result
in rotor frequencies that are unacceptablefrom a handling qualities
perspective. The other fundamental parameters in determining � ap
and lag frequenciesare the blade � ap and lag stiffnesses.In addition
to aeroelasticcouplings,these stiffnessparametersare introducedas
design variables in the present study. The optimization techniques
of Ref. 15 are signi� cantly improvedand yield a faster and more nu-
merically robust procedure.The goal of the expanded optimization
procedure in the present study is to retain the stabilizing in� uence
of aeroelastic couplings, while using the added design � exibility
offered by the inclusion of rotor stiffness properties (as design pa-
rameters) to enforce constraints that will prevent excessively large
changes in rotor frequencies. It will be shown that this concurrent
optimization approach, where the aeroelastic couplings and funda-
mental rotor stiffness parameters are simultaneously considered as
design parameters, is superior to a sequentialapproach,where blade
stiffness and frequency targets are set before any attempt to incor-
porate aeroelasticcouplings.The concurrentoptimizationapproach
providesbetter performance(increasedstability levels), while at the
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same time satisfying imposed frequency constraints. The aerome-
chanical stability characteristicsof concurrentlyoptimized designs
will be examined for variations in body inertia and operatingcondi-
tion (includingground contact,hover, and forward � ight) to demon-
strate the robustness of the optimized design. Furthermore, it will
be shown that by using a combination of parameters (optimized
aeroelastic couplings and rotor stiffness properties, together with
landinggear stiffness and damping properties), it is possible to pro-
vide adequate aeromechanical stability margins without the use of
an auxiliary lag damper.

Rotor–Fuselage Analytical Model
The analyticalmodel used in the present study representsa three-

bladed rotor whose blades have uniform mass distribution and are
assumed to undergo rigid � ap rotations ¯ and lag rotations ³ about
spring-restrainedoffset hinges. The fuselage is assumed to undergo
rigid-body roll and pitch rotations, ®x and ®y , about its center of
mass (locateddirectlybelowthe hub). The aerodynamicloadson the
rotor bladesare calculatedusing quasi-steadystrip theory,assuming
a uniform in� ow.

The rotor–fuselage equations of motion are linearized about the
equilibriumcondition to obtain the perturbationequations.The per-
turbation � ap and lag equations for the individual blades (having
periodic coef� cients in the rotating coordinate system) are trans-
formed to the nonrotating coordinate system using multiblade co-
ordinate transforms. For ground contact or hover conditions, this
transformation yields a collective equation and two cyclic equa-
tions in the nonrotatingsystem for � ap and lag motions, all of which
have constant coef� cients (independentof azimuthal positionof the
blade). The two cyclic � ap and cyclic lag equations couple with the
fuselage motions and, thus, need to be retained for the aeromechan-
ical stability analysis. In addition, the collective � ap and collective
lag equations are retained and used to track the rotating � ap and
lag frequencies. Thus, the rotor–fuselage model for a three-bladed
rotor has eight degreesof freedom: collective � ap ¯0 , cyclic � ap ¯1c

and ¯1s , collective lag ³0 , cyclic lag ³1c and ³1s , and fuselage roll
and pitch ®x and ®y . In the nonrotatingframe, the resultingconstant
coef� cient system can be represented in the following form:

[M]fq¤¤g C [C]fq¤g C [K]fqg D f0g (1)

where [M], [C], and [K] are the 8 £ 8 mass, damping, and stiffness
matrices and

fqg D b¯0 ¯1c ¯1s ³0 ³1c ³1s ®x ®y cT (2)

The eigenvalues of Eq. (1) yield the modal frequencies and decay
rates. Validations of aeromechanical stability predictions from this
analytical model were previously reported in Ref. 15.

The aeroelastic couplingparameters consideredand contained in
Eq. (1) are pitch–� ap coupling K P¯ , pitch–lag coupling K P ³ , and
structural � ap–lag coupling R¯ and R³ .

The pitch–� ap and pitch– lag couplings result in perturbationsin
blade pitch, 1µ , due to perturbation � ap and lag motions. Thus,

1µk D ¡K P¯¯k ¡ K P ³ ³k (3)

where the subscriptk denotes the kth blade.Careful attentionshould
be paid to sign convention here. In the present model, ¯ is positive
for � ap-up motion, ³ is positive for lag back, and 1µ is positive
for nose-up pitching motion. Thus, a positive value of K P¯ would
result in a � ap-up–pitch nose-down coupling, whereas a positive
K P³ would yield a lag back–pitch nose-down coupling.

Structural � ap– lag coupling is a result of blade � ap and lag � ex-
ibility outboard of the pitch bearing. In Ref. 16 � ap–lag coupling
was modeledusingorthogonalhub � ap and lag springsk¯ H and k³ H ,
respectively,inboardof the pitch bearing, and orthogonalblade � ap
and lag springsk¯ B and k³ B , respectively,outboardof the pitch bear-
ing. Based on this system of springs, effective � ap and lag � exural
stiffnesses k¯ and k³ were de� ned as

k¯ D
k¯ H k¯ B

k¯ H C k¯ B
; k³ D

k³ H k³ B

k³ H C k³ B

(4)

Structural � ap– lag coupling parameters are then de� ned as

R¯ D k¯ =k¯ B ; R³ D k³ =k³ B (5)

where, for example, R¯ D 1 means the � ap � exibility is entirely
outboard of the pitch bearing with the hub being rigid in � ap and
R¯ D 0 means the � ap � exibilityis entirely in the hub with the region
outboard of the pitch bearing being rigid in � ap. In general, if there
is some � exibility in both the hub and the blade, R¯ and R³ assume
values between 0 and 1. A complete formulation of the structural
� ap– lag coupling parameters is found in Ref. 15.

Blade stiffness parameters are de� ned to allow variations about
the nominal � ap and lag stiffnesses NK¯ and NK³ respectively.Thus,

K¯ D NK¯ .1 C 1K¯ /; K³ D NK³ .1 C 1K³ / (6)

where 1K¯ and 1K³ are nondimensionaldesign parameters repre-
sentative of a percent change in stiffness about the baseline values.

Extension of Analysis to Forward Flight

In the present study, the aeromechanical stability analysis just
described is extended to the forward � ight condition. For this case,
the periodic coef� cients of the equations are not eliminated even
after transforming to the nonrotating system. Thus, the matrices
are functions of blade azimuthal position, and the system can be
represented as

[M]fq¤¤g C [C.Ã/]fq¤g C [K.Ã/]fqg D f0g (7)

The eigenvalues of the preceding equations can be obtained using
either the Floquet transition matrix theory or a constant coef� cient
approximation. In the second approach, the matrices are numeri-
cally evaluated at a prescribed number of points around the rotor
azimuth and simply averaged.The eigenvaluesof the resulting con-
stant coef� cient equations then yield the rotor–body frequencyand
damping characteristics in forward � ight.

The constantcoef� cient approximationtechnique,which is much
simpler than the Floquet transitionmatrix approach,has been shown
to be accurate (see Ref. 17) and is used in the present study to
evaluate aeromechanical stability characteristics in forward � ight.

Steady In� ow Versus Dynamic In� ow

As already mentioned, the present analysisuses a uniform in� ow
model to determine the aerodynamic loads on the rotor blades. It
has been suggested that accurate prediction of helicopter aerome-
chanical stability characteristicsrequires the inclusionof a dynamic
in� ow model. However, this is not necessarily the case. Figures 1
and 2 compare the lag mode stability characteristicsof both a base-
line (no couplings) con� gurationand a con� gurationwith optimized
aeroelastic couplings (from Ref. 15), using both a steady in� ow

Fig. 1 Dynamic vs steady in� ow, collective pitch = 5 deg.
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Fig. 2 Dynamic vs steady in� ow: minimum lag mode stability vs col-
lective pitch.

model and a dynamic in� ow model. Figure 1 shows that, at a col-
lective pitch of 5 deg, dynamic in� ow has an insigni� cant effect
on lag damping for both the baseline and optimized con� guration.
From Fig. 2 (showing the minimum damping, corresponding to the
bottom of the resonance bucket, vs collective pitch), it is seen that
this observation holds true over the entire range of collective pitch
values under consideration.

Dynamic in� ow is known to have a signi� canteffect on the damp-
ing of bodymodes, but has a much smaller effect on lag mode damp-
ing. Furthermore, although dynamic in� ow may affect the speci� c
damping level for a particularcon� gurationat a givenoperatingcon-
dition, it does not affect the overall stability trends with variations
in rotor speed, collective pitch, or aeroelastic coupling parameters.
Because the present study is an investigation into the effects that
aeroelastic couplings have on lag mode stability trends, rather than
a rigorous calculation of aeromechanical stability levels for a spe-
ci� c full-scale design effort, dynamic in� ow has not been included
in the subsequent results.

In� uence of Individual Design Variables
Beforeconductinganyoptimizationstudies,it is useful to develop

an understandingof the individual in� uence of each design variable
on aeromechanical stability. The baseline rotor con� guration used
for the numerical studies in this paper is a model hingeless rotor
testedat NASA Ames Research Center,7 and its propertiesare given
in Table 1.

Aeroelastic Couplings

Reference 15 provides results of a parametric study of the in-
� uence each aeroelastic coupling parameter has on aeromechanical
stability characteristics, and these are summarized here for com-
pleteness. Positive values of the pitch–� ap coupling parameter K P¯

were found to have a stabilizing effect at the resonance condition.
Negativevaluesof the pitch– lag couplingparameter K P³ had a large
stabilizingin� uence away from resonance,but had little effect at the
resonancecondition.Flap– lag couplinghad a smaller stabilizingef-
fect than either pitch–� ap or pitch–lag couplings, the magnitude of
which was dependent on thrust level. Of the two � ap–lag coupling
parameters, virtually all of the stabilizing in� uence was from the
R¯ term, whereas R³ had little or no effect.

Blade Flap and Lag Stiffness

A parametric study was conducted to examine the in� uence of
blade � ap stiffness and lag stiffness on aeromechanical stability.
This study was conductedfor both the ground contact conditionand
hover.

Table 1 Rotor and fuselage properties

Property Value

Rotor
Number of blades 3
Radius, cm 81.1
Chord, cm 4.19
Hinge offset, cm 8.51
Lock number 7.37
Blade pro� le NACA 23012
Pro� le drag coef� cient 0.0079
Flap inertia, g-m2 17.3
Polar inertia, g-m2 85.5
Nonrotating � ap frequency, Hz 3.13
Nonrotating lag frequency, Hz 6.70
Lag damping, % 0.52

Body
Inertia, g-m2

Roll 183
Pitch 633

Frequency, Hz
Roll 4.0
Pitch 2.0

Damping, %
Roll 0.929
Pitch 3.20

Fig. 3 In� uence of � ap stiffness on lag modestability, collective pitch =
5 deg.

In� uence of Blade Flap Stiffness on Aeromechanical Stability

Figure 3 shows the in� uenceof rotorblade� ap stiffnesson ground
resonancestability.Increasingthe � ap stiffnessis seen to have a mild
stabilizingeffect. In Fig. 4, it is seen that this trend holds true for all
values of collectivepitch,with the degree of stabilizationincreasing
at high collectivepitch. This is consistentwith the � ndings in Ref. 7,
where increased � ap stiffness was shown to have a bene� cial in� u-
ence on stability boundaries for blade lead– lag frequencies greater
than approximately 0.6 (as is the case with the present model).
Figure 5 shows that this stabilizingtrendwith increased� ap stiffness
continues for the hover condition (however, at the nominal speed
of the rotor of 720 rpm, the increase in stability is insigni� cant). In
the present study all hover results are obtained by setting the fuse-
lage pitch and roll spring stiffnesses to zero and trimming the rotor
to a constant (nonzero) thrust. It can also be seen in Figs. 3 and 5
that the rotational speed at which resonance occurs is unchanged.
These results would seem to contradict the � ndings in Ref. 7, where
increased � ap frequency was found to destabilize air resonance.
However, the air resonance results in Ref. 7 were for a � at pitch
condition, whereas the present air resonance analysis trimmed col-
lective pitch to produe a constant thrust. Thus, direct comparisons
between the two studies may not be appropriate.
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Fig. 4 In� uence of � ap stiffness on lag mode stability; variation of
minimum damping vs collective pitch.

Fig. 5 In� uence of � ap stiffness on lag mode stability; air resonance
stability, nominal CT /¾ = 0.07.

Although increased� ap stiffnesshas an overall positive in� uence
on ground and air resonance stability, note that blade � ap stiffness
cannot be increased arbitrarily. Other concerns, such as dynamic
stresses in the � ap � exure, set an upper limit on the level of � ap
stiffness that can be realized in practice.

In� uence of Blade Lag Stiffness on Aeromechanical Stability

Figure 6 shows the in� uenceof rotor blade lag stiffnesson ground
resonance stability. Increasing lag stiffness reduces the level of in-
stability slightly, while also shifting the maximum instability to a
higher rotational speed. This shift in the rotational speed at which
resonance occurs is expected because increasing the rotor lag stiff-
ness will cause the regressing lag mode to coalesce with the body
modes at a higher rotational speed, delaying the onset of aerome-
chanical instabilities. This is again consistent with the results re-
portedin Ref.7, where increasedlag frequenciesgenerallyimproved
stability boundaries.In Fig. 7, it can be seen that, as collective pitch
is increased, the degree of stabilizing in� uence from increased lag
stiffness decreases, and at very high pitch settings, increased lag
stiffness can actually be destabilizing.Figure 8 shows that, for the
hover condition, increasing lag stiffness again shifts the instability
to a higher rotational speed, and this can potentially lower air reso-
nance stabilitymargins at the nominal speed (720 rpm). In addition,

Fig. 6 In� uence of lag stiffness on lag mode stability, collective pitch =
5 deg.

Fig. 7 In� uence of lag stiffness on lag mode stability; variationof min-
imum damping vs collective pitch.

Fig. 8 In� uence of lag stiffness on lag mode stability; air resonance
stability, nominal CT /¾ = 0.07.
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excessivelylargevaluesof lag stiffnesswould produceunacceptable
dynamic stress levels in the blade � exure.

Parametric Optimization
Formal optimization procedures were used with the goal of de-

termining a combination of the design variables that will alleviate
aeromechanical instabilities, while constraining � ap and lag fre-
quencies within prescribedvalues. The design variables considered
were rotor pitch–� ap coupling parameter K P¯ , pitch– lag coupling
parameter K P³ , structural � ap– lag coupling parameters R¯ and R³ ,
as well as changesin blade� ap stiffness1K¯ and lag stiffness1K³ .

The optimization procedure attempts to increase the level of
damping in the rotor’s low-frequencylag mode by minimizing some
objective function. The objective function selected in the present
study is

F.D j / D ¾min (8)

where D j is the vector of design variables and ¾min is the regressing
lag mode decay rate at the rotational speed, Ä, and collective pitch
µ corresponding to minimum damping. As the values assigned to
the variousdesignvariableschangeduring the optimizationprocess,
the point of minimum dampingmoves to a differentrotationalspeed
and collective pitch setting. Therefore, for each iteration in the op-
timization procedure, the rotational speed and collective pitch cor-
responding to minimum damping is determined, and the optimiza-
tion process is continued at this new point (Ämin; µmin). Sensitivity
gradients, @¾min=@D j , are calculated numerically by individually
perturbing each of the design variables.

Initially, ¾min was determined by conducting a sweep of rotor
speed and collective pitch settings, and for each iteration, selecting
the (Ämin; µmin ) point of lowest damping. It was observed,however,
that the optimization procedure was very sensitive to discretization
errors in locating the point of minimum damping. The gradients of
the design variables at a rotor speed just above the point of mini-
mum damping were quite different, for example, from the gradients
at the point of minimum damping.Figure 9 shows this phenomenon.
If stability is examined at discrete values of Ä (a � nite number of
points), consider the following scenario: Stability is examined at
30 rpm intervals 730, 760, 790 rpm, etc. Thus, the point of min-
imum damping for the case K P³ D ¡0:4 would be determined as
760 rpm (point A). At this value of Ä, negative K P³ would be stabi-
lizing. However, the actual point of minimum damping is 750 rpm
(point B), at which negative K P³ is destabilizing. Therefore, the
sensitivity gradients determined at 760 rpm would be of opposite
sign,comparedto thosedeterminedat 750 rpm. Thus, the discretiza-
tion errors introduced cause signi� cant dif� culties in convergence
and compromise the robustnessof the optimizationprocess(making

Fig. 9 Discretization error in optimization process.

Fig. 10 Two-stage optimization process.

it numerically inef� cient). For the optimization procedure to con-
verge, an inordinately � ne grid of rotor speed and collective pitch
had to be swept. The computation time required to perform such an
optimization was extremely high.

To determine the point of minimum damping more ef� ciently, an
inner loop was introduced in the optimization procedure with the
goal of � nding, precisely, the point (Ämin , µmin) corresponding to
minimum lag mode damping for a set of prescribed values for the
design variables D j . In the inner loop, the following function was
minimized:

F. NDk / D ¡¾lag (9)

where ¾lag represents the decay rate of the regressing lag mode
for a � xed design (K P¯ , K P³ , R¯ , R³ , 1K¯ , and 1K³ ). For each
iterationof the optimizationprocess, this inner loop � rst determines
values of the operational parameters NDk .Ä; µ/ that de� ne the point
ofminimumlagdamping.Ämin; µmin/. Minimizationof theobjective
function in Eq. (8) is continued at this point. Sensitivity gradients
of the design variables @¾min=@D j are calculated, and new values
for the design variables are determined. This process is repeated
until optimality is achieved. Figure 10 provides an outline of this
algorithm.

This two-stage optimization procedure is clearly superior to a
brute-force approach for determining the point (Ämin , µmin). There
are no robustness issues resulting from discretization errors. It is
a numerically ef� cient approach that converges quickly. The two-
stage optimization approach reduces computation time tremen-
dously, requiring far fewer calls to the eigenvalue solver subrou-
tine, approximately 10 calls per iteration, compared to 1000 for the
technique of conducting a sweep in µ and Ä.

The primary optimization design variables are subject to the fol-
lowing constraints:

¡1:0 · K P¯ · 1:0; ¡1:0 · K P³ · 1:0

0:0 · R¯ · 1:0; 0:0 · R³ · 1:0

¡0:25 · 1K¯ · 0:25; ¡0:25 · 1K³ · 0:25 (10)

The range of allowable values for 1K¯ and 1K³ represent a per-
mitted change in blade � exural stiffness of §25%. This range of
stiffness values is regarded as suf� cient to have an in� uence on
aeromechanical stability characteristics,while preventing unrealis-
tically large dynamic stresses in the � exure.

Further constraintswere enforced to keep the rotor’s rotating � ap
and lag frequencies within reasonable bounds. These constraints
were formulated as follows:

1:07 ¢ Ä0 · !¯ · 1:15 ¢ Ä0; 0:6 ¢ Ä0 · !³ · 0:8 ¢ Ä0 (11)

where Ä0 is the rotor’s nominal operating speed and !¯ and !³

are, respectively, the rotor � ap and lag rotating modal frequencies
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(represented in this analysis by the modal frequenciesof the collec-
tive � ap and lag modes obtained from the eigenanalysis).

Optimization Results
The optimizationprocess was applied to four different test cases:

1) aeroelastic couplings alone considered as design variables and
no frequency constraints, 2) blade � ap and lag stiffness parameters
introduced as additional design variables and no frequency con-
straints, 3) aeroelastic couplings alone, with frequency constraints,
and 4) aeroelastic couplings plus blade stiffness parameters, with
frequency constraints.

Aeroelastic Couplings Only: No Frequency Constraints

When using only the aeroelastic couplings as design variables,
and placing no constraintson the rotor � ap and lag frequencies, the
optimization procedure yields the following results:

K P¯ D 0:7966; K P³ D ¡0:2539

R¯ D 1:0; R³ D 0:0 (12)

Figure 11 shows the stability characteristics (minimum decay rate
at roll resonance) of this con� guration as compared to the baseline,
across the collective pitch range. At the � at pitch condition, the
two con� gurations share roughly the same level of instability. As
collective pitch increases, however, the baseline rotor rapidly be-
comes less stable. When the aeroelastic coupling parameters given
in Eq. (12) are applied, this destabilizing trend is reversed, and the
rotor becomesmore stableas collectivepitch is increased.However,
the large amount of pitch–� ap coupling in this con� guration causes
a large increase in the rotor’s � ap frequency, to 1.32 per revolution,
which may be undesirable from other perspectivessuch as handling
qualities. The lag frequency of 0.685 per revolution of the baseline
rotor was unchanged.

Aeroelastic Couplings Plus Flap, Lag Stiffness:
No Frequency Constraints

When the � ap and lag stiffness parameters are includedas design
variables in the optimization procedure, the following results are
obtained:

K P¯ D 0:7317; K P³ D ¡0:2328; R¯ D 1:0

R³ D 0:0; 1K¯ D 0:25; 1K³ D 0:25 (13)

The stability characteristics for the new con� guration as a function
of collective pitch are included in Fig. 11. The stability trend is the

Fig. 11 Variation of minimum damping vs collective pitch; compar-
ison of optimized results without frequency constraints with baseline
results.

same as for the case with optimized couplings alone, but the inclu-
sion of stiffness parameters in the optimization allows for further
reduction of the instability. As before, the con� guration de� ned by
Eq. (13) produces an undesirably high � ap frequency of 1.31 per
revolution, while the lag frequency is now increased to 0.739 per
revolution.

Note that in Eq. (13) the values for 1K¯ and 1K³ have reached
the upper bounds that were imposed on these variables in Eq. (10).
This is consistent with the observations made from the parametric
study that increasing values of blade � ap and lag stiffness have
a stabilizing effect on ground resonance. Meanwhile, the values
obtained for the aeroelasticcouplingparameters are similar to those
obtainedin Eq. (12), when the aeroelasticcouplingparametersalone
were optimized.

Aeroelastic Couplings Only: Frequency Constraints Applied

The results presented thus far showed that the incorporation of
aeroelastic couplings, along with modi� cations to rotor stiffness
properties, can have a signi� cant stabilizing effect on ground res-
onance instability. However, along with this stabilizing in� uence
came a large increase in the rotor’s rotating � ap frequency. To ad-
dress this undesirable effect, the constraints given in Eq. (11) were
added to the analysis.For the case where the designvariablesconsist
of only the aeroelastic couplings, adding these constraints yielded
the following optimized results:

K P¯ D 0:3376; K P³ D ¡0:2315

R¯ D 1:0; R³ D 0:0 (14)

Figure 12 shows the stability characteristics for a con� guration us-
ing these coupling parameters, compared to the baseline rotor. The
present con� guration behaves much like the preceding cases where
no frequency constraint was applied, but it is not able to stabilize
the system to the same degree (compare with Fig. 11). Comparing
the results in Eq. (14) to those in Eq. (12) shows that the intro-
duction of frequency constraints on the rotor reduces the amount
of pitch–� ap coupling that is permitted. With the coupling param-
eters given in Eq. (14), the rotor is operating with a rotating � ap
frequency of 1.15 per revolution (as calculated from the solution
of the eigenvalue problem), which is the upper limit imposed on
the optimization process by Eq. (11). Thus, the constraint on � ap
frequency prevents K P¯ from reaching the value it would normally
attain if the constraint was absent or relaxed. This reduced value
of K P¯ is responsible for the slight reduction in stabilizing effect
when compared to the results with no frequency constraints. The
rotating lag frequency was calculated at 0.685 per revolution, and
so the constraints on lag frequency in Eq. (11) were not active.

Fig. 12 Variation of minimum damping vs collective pitch; compari-
sonofoptimized results with frequency constraintswith baselineresults.
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Aeroelastic Couplings Plus Flap, Lag Stiffness: Frequency
Constraints Applied

The optimization procedure was repeated, incorporating the fre-
quency constraints, as well as the � ap and lag stiffness design vari-
ables. The process yielded the following values for the design vari-
ables:

K P¯ D 0:3192; K P³ D ¡0:2157; R¯ D 1:0

R³ D 0:0; 1K¯ D 0:25; 1K³ D 0:25 (15)

Figure 12 shows that this con� guration closely follows the same
stability trends as the con� guration described by Eq. (14), but ex-
hibits a decrease in the level of instability.For this optimizeddesign
[Eq. (15)], 1K¯ and 1K³ again reached their upper bounds [as
was the case without frequency constraints, Eq. (13)]. The aeroe-
lastic coupling parameters were similar to those obtained without
considering stiffness as design variables [compare with Eq. (14)].
This same behavior was noted for the cases with no frequencycon-
straints[compareEqs. (12) and (13)]. For both caseswith frequency
constraints, limiting the rotating � ap frequency to a predetermined
value causes K P¯ to be reduced in magnitude when compared to
the values obtained when no frequency constraints were enforced.
Note that the incorporationof blade stiffnessparameters into the op-
timization returns the level of damping to roughly that achieved by
aeroelasticcouplingsalonewith no frequencyconstraints.However,
this level of damping is now achievedwithout excessivelylarge val-
ues of rotating � ap frequency.The rotating lag frequencywas again
inside the bounds set by the constraints in Eq. (11).

Sequential Versus Concurrent Optimization
The coupling and stiffness parameters presented in Eqs. (13)

and (15) were obtained through a concurrent optimization process,
where both aeroelastic couplings and blade stiffness parameters
are simultaneouslyoptimizedto improvehelicopteraeromechanical
stability. For comparison purposes, a series of sequential optimiza-
tions was performed, where the aeroelastic couplings and the blade
stiffness parameters were consideredas two independent groups of
design variables. Optimizations were conductedholding one group
at its baseline values while optimizing the other group. These opti-
mized values were then held while the � rst group was optimized.

Sequential Optimization: No Frequency Constraints

The sequentialoptimizationapproachwas employedwith no con-
straintsapplied to blade� ap or lag frequencies.Optimizingthe blade
stiffness parameters and then the aeroelastic couplings yielded the
following results:

K P¯ D 0:8067; K P³ D ¡0:2385; R¯ D 1:0

R³ D 0:0; 1K¯ D 0:25; 1K¯ D ¡0:1058 (16)

Optimizingtheaeroelasticcouplings� rstand then thebladestiffness
parameters, produced these values:

K P¯ D 0:7966; K P³ D ¡0:2539; R¯ D 1:0

R³ D 0:0; 1K¯ D 0:25; 1K³ D 0:25 (17)

Figure 13 shows the stability characteristics of these two con� gu-
rations, along with the concurrentlyoptimized case [Eq. (13)]. The
optimized designs of Eqs. (13) and Eq. (17) are similar, and Fig. 13
shows that they perform almost identically. The concurrently op-
timized results outperform the couplings-�rst, stiffness-secondse-
quentially optimized results numerically by only the slimmest of
margins (of no practical relevance). These results demonstrate that
the optimal con� guration is not overly sensitive to small changes in
the design variables.Even for a somewhat off-designcon� guration,
most of the stabilizing effect remains intact.

Fig. 13 Variation of minimum damping vs collective pitch; sequential
vs concurrent optimization techniques, no frequency constraints.

Figure 13 also shows that the sequentially optimized case where
the stiffness parameters are optimized before the aeroelastic cou-
plings has noticeably poorer performance. Examining the parame-
ters in Eq. (16) reveals a difference in the blade lag stiffness param-
eter 1K³ . For this sequentially optimized case, the blade stiffness
parameters were optimized � rst. Without the in� uence of aeroelas-
tic couplings, the point of minimum damping occurred at a high
value of collective pitch. Figure 7 showed that for high values of
collective pitch, increased lag stiffness was destabilizing.Thus, for
an optimizationperformed on stiffnessparameters alone, a negative
1K ³ (decreasing lag stiffness) was found to be bene� cial. How-
ever, the aeroelastic couplings introduced in the second step of this
optimization procedure shifted the point of minimum damping to
a much lower value of collective pitch, where the decreased lag
stiffness was now in fact detrimental to stability.

Sequential Optimization: Frequency Constraints Applied

The sequential optimization approach was employed while en-
forcing the constraints on blade � ap or lag frequencies [Eq. (11)].
Optimizing the blade stiffness parameters and then the aeroelastic
couplings yielded the following results:

K P¯ D 0:3190; K P³ D ¡0:2170; R¯ D 1:0

R³ D 0:0; 1K¯ D 0:25; 1K ³ D ¡0:1058 (18)

Optimizingtheaeroelasticcouplings� rstand then the bladestiffness
parameters produced these values:

K P¯ D 0:3376; K P³ D ¡0:2315; R¯ D 1:0

R³ D 0:0; 1K¯ D 0:002803; 1K³ D 0:25 (19)

Figure 14 shows the stability characteristics of these two con� gu-
rations, along with the concurrently optimized case [Eq. (15)]. We
notice again that the stiffness-� rst, couplings-second sequentially
optimized case [Eq. (18)] does not perform as well as the other
cases because of the negative value of 1K³ . There is also now a
more noticeable difference between the couplings-�rst, stiffness-
second sequential case [Eq. (19)] and the concurrently optimized
case. In Eq. (19), 1K¯ is held to a very small value, representing
almost no change in � ap stiffness from the baselinevalue.Also note
that K P¯ is slightlyhigherthan in thecaseof concurrentoptimization
[Eq. (15)]. These two parameters both have a signi� cant effect on
the rotor rotating � ap frequency. Increasingvalues of either param-
eter increases the � ap frequency. In the case of the couplings-�rst
sequential optimization, K P¯ was optimized while 1K¯ was held
at zero. This allowed K P¯ to reach a higher value, when compared
to the concurrentoptimization results. Because the upper bound on
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Fig. 14 Variation of minimum damping vs collective pitch; sequential
vs concurrent optimization techniques, frequency constraints active.

Fig. 15 Variation of minimum damping as � ap frequency constraint
is relaxed.

� ap frequency had been reached already by the aeroelastic cou-
plings, 1K¯ could not be increased during the second step of the
sequential optimizationprocess. It is this difference in � ap stiffness
parameters between Eqs. (15) and (19) that explains the gap in per-
formance between the couplings-�rst sequential con� guration and
the concurrentlyoptimized con� guration.

In� uence of Relaxed Frequency Constraints
The bounds on frequency constraints given in Eq. (11) were se-

lected to represent typical rotating � ap and lag frequencies. When
these constraints are applied to the optimization process, only the
upper constrainton � ap frequencybecomes active.Figure 15 shows
how the level of minimum damping changes as the upper bound on
the � ap frequencyis increasedfrom a value of 1.12 to 1.35 per revo-
lution.The levelof damping increasesrapidlyat � rst and then begins
to taper off. By the time the constraint reaches 1.32 per revolution,
further increases have no effect, because the system has reached
the optimum point obtained when frequency constraints were not
enforced. As the constraint is increased beyond this value, it is no
longer active.

Suitability of Gradient-Based Optimization
The optimization results presented here have been obtained via

a gradient-based optimization scheme. For any optimization prob-
lem, there exists the potential for multiple optimal points within

the design space (the set of all possible combinations of design
variables). If multiple optimal points exist within the design space,
the solution obtained by a gradient-based optimizer becomes de-
pendent on initial guess. The optimizer will follow the gradients
until an optimal point is encountered and stop there. Depending on
the initial starting point chosen for optimization, different optimal
points may be reached and yield different solutions to the problem.
Furthermore, a gradient-basedoptimizationis unable to distinguish
betweenan optimalpoint that may simply be a localminimumin the
design space and the global minimum, and so there is no guarantee
that a given solution represents the best solution to the optimization
problem.

Nongradient-based optimization techniques, such as genetic al-
gorithms or simulated annealing, are not susceptible to these dif-
� culties and are, thus, able to obtain a globally optimal solution
even in the presence of multiple optimal points. Nongradient-based
optimizations,however, are much more computationallyexpensive
than gradient-based optimizations. Gradient-based optimization is,
therefore, the preferred approach, provided the design space for the
optimizationproblem in questiondoes not contain multiple optimal
points.

To determine the suitability of gradient-based optimization for
the present application, it is necessary to examine the design space,
to ensure that there are not multiple optimal points. That the cur-
rent optimizationprocedure converges to the same optimal solution
regardless of the initial guess chosen for the design variables is a
good indication that there is only one optimal point in the design
space. However, a more thorough investigationof the design space
is required to support this observation.

Figure 16 shows the sensitivity of the system to each individual
design variable, for the baselinecon� guration (all other design vari-
ables set to zero). The slope of each curve is a measure of the par-
ticular design variable’s gradient (value of sensitivity derivative),
with a positive slope indicating stabilizing effect for increasingly
positive values of the design variable. A zero slope indicates a po-
tentially optimal point for a given design variable. It can be seen
in Fig. 16 that at the baseline condition (zero on the x axis), posi-
tive pitch–� ap and negative pitch– lag couplings have the strongest
bene� cial effect on stability. Furthermore, there is no indication of
multipleoptimal pointswithin the designspace for any of the design
variables.

Figure 17 repeats this informationfor the concurrentlyoptimized
con� guration including stiffness parameters and frequency con-
straints [Eq. (15)]. The actual optimized value of each design vari-
able is indicated in Fig. 17. It can be seen that design variables
R¯ ; R³ ; 1K¯ , and 1K³ all reach the bounds placed on them by
Eq. (10). K P³ achieves a value where its gradient is zero, indicating
an optimal value has been reached, unaffected by any constraints.

Fig. 16 Variation of minimum damping with changes in design vari-
ables at the point of minimum damping, baseline con� guration.
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Fig. 17 Variation of minimum damping with changes in design vari-
ables at the point of minimum damping, optimized con� guration
[Eq. (15)].

Fig. 18 Contour plot: variation of decay rate with pitch–� ap and
pitch– lag coupling, collective pitch = 5 deg.

K P¯ , however, has not reached the bounds placed on it by Eq. (10),
nor is its gradientzero. It is beingheld to this valueby the frequency
constraintsimposed by Eq. (11). If these frequencyconstraintswere
relaxed, K P¯ would attain a value of approximately 0.75, where
there is a plateau in its sensitivity curve. Indeed, Eqs. (12) and (13)
show that this is the case. Figure 17 also provides no indication of
multiple optimal points for any design variable.

Becauseof the numberof design variables involved in the present
analysis, it is dif� cult to visualize the design space as a whole. It is
possible to examine slices of the design space. Figure 18 is such a
slice of the design space, showing the variation of lag mode decay
rate with K P¯ and K P³ , the two most powerful design variables,at a
collectivepitch of 5 deg. The contour lines in Fig. 18 represent lines
of constantdecayrate. Lag modestability is seen to increasesteadily
as one moves toward the lower right corner of Fig. 18. Nowhere
are there closed contours at separate locations in Fig. 18, which
would indicatemultipleoptimalpointswithin this slice of the design
space.

Plots similar to Fig. 18 were generatedfor differentvalues of col-
lectivepitch,and all exhibitedsimilar trends.Thus, it is felt that there
are no multiple optimal points in the design space, and a gradient-
based optimization technique is appropriate for this investigation.

Variations in Body Frequency
The present study has investigated the in� uence of rotor param-

eters (aeroelastic couplings and rotor stiffness) on aeromechanical
stability. The body frequency also has an important effect on he-
licopter aeromechanical stability, and by appropriately selecting,
for example, the landing gear stiffness, this can be modi� ed by the
helicopterdesignerfor improvedstability.Body frequencyis alsoaf-
fected in operationby variationsin con� guration,such as changesin
payloador fuel. The present optimizedcon� guration[Eq. (15)] was
obtained using the nominal body properties presented in Table 1. It
is essential that the optimized con� guration be robust and maintain
its stabilizing in� uence on ground resonance for variations in body
properties that occur in operation.

The effectivenessof the optimizedcon� gurationwas examinedat
off-designconditionsby allowingbodyroll inertia to vary by§20%.
Figure 19 shows variation in minimum damping vs roll inertia for
the optimized con� guration [from Eq. (15)] as well as the baseline
model. In both cases, there exists a destabilizing trend as roll iner-
tia is decreased (roll frequency increased). However, the optimized
con� guration maintains its stability increase over the baseline,over
the entire range of roll inertia variation. Because body inertia may
change with variations in fuel or payloadon a helicopter,the present
results indicate that the minimum inertia con� guration should be
treated as the critical design point for alleviatingground resonance.
If adequate stability margins are achieved for minimum inertia, sta-
bility is assured as inertia increases.

Figure 20 shows the in� uence of body roll stiffness on ground
resonance. It can be seen that increased roll stiffness aggravates the

Fig. 19 Variation of minimum damping vs roll inertia, collective
pitch = 5 deg.

Fig. 20 In� uence of roll stiffness on lag mode stability: baseline con-
� guration, collective pitch = 5 deg.
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Fig. 21 In� uence of reduced roll stiffness on optimized results.

instability, whereas reduced roll stiffness alleviates the instability.
This is consistent with observations reported in Ref. 18, in which
vertically soft landing gear con� gurations were found to be bene� -
cial for reducingground resonance instabilities.However, increased
roll stiffness does move the instability to higher rotational speeds.
These observationssuggest that there are two approaches to select-
ing roll stiffness values to avoid resonance conditions. First, roll
stiffness (due to landing gear) can be increased as much as possi-
ble, to move the instability to a rotor speed above the operational
speed. However, operational conditions can reduce roll frequency
through increasedpayload (increased roll inertia) or operation from
soft, unimprovedsurfaces. For this approach to be successfullyem-
ployed, the roll stiffness must be increased to the point that, even
for the case of maximum payload (maximum roll inertia), the res-
onance speed still remains comfortably above the operating speed.
However, note that very high landing gear stiffness may result in
high-impact loads during landing.

The second approach to improving ground resonance stabilityby
changing the landing gear roll stiffness is to soften the landing gear
as much as is practical, to produce a much milder instability. The
relatively mild instability can then be stabilized through the use of
appropriate rotor aeroelastic coupling and stiffness parameters. To
ensure adequate stability margins at all operating conditions, sta-
bility must be achieved for the case of zero payload, corresponding
to the case of minimum possible roll inertia. If stability is achieved
at that point, any reduction in roll frequency due to an increase in
roll inertia (from increased payload) will only increase the level of
stability, and resonance will occur at even lower rotational speeds.
Figure 21 shows the aeromechanical stability characteristics,using
optimized aeroelastic couplings [Eq. (15)] from the present inves-
tigation, along with a reduced landing gear roll stiffness. It is seen
that the system has become marginally stable, without the use of an
auxiliary lag damper.

A reduction in roll stiffness on the order of 40% may not be gen-
erally regarded as feasible for many practical applications, due to
the resulting large static de� ection of the landing gear (in the verti-
cal direction). It is possible, however, to design a landing gear that
retains a larger amount of vertical stiffness to support the weight of
the helicopter,while at the same time allowing enough � exibility in
roll to help alleviategroundresonance.19 Furthermore,aeromechan-
ical stability may perhaps best be attained through a combination
of several parameters. By the incorporation of concurrently opti-
mized couplings and rotor stiffness parameters to yield a mild level
of instability over a broad range of conditions, adequate levels of
lag mode damping may be achieved with small increases in landing
gear damping (see Ref. 15) and/or a modest reduction in body roll
stiffness. The small contribution from each parameter, when com-
bined, may be able to provide the required aeromechanicalstability
margin. Such an approach offers the most promise for elimination
of auxiliary lag dampers on rotor blades.

Effect of Optimized Results on Air Resonance Stability
Each of the optimized con� gurations presented was examined in

hover to ensure adequate stability margins to avoid air resonance
instabilities. For the hover condition, each case was trimmed to a
constant thrust,with a nominalCT =¾ of 0.07,and body supportstiff-
nessand dampingwere set to zero.Figure22 shows theair resonance
stability characteristics in hover for the baseline con� guration, as
well as the optimized con� guration [Eq. (15)]. The optimized con-
� guration shows greatly increased stability margins near the rotor
nominal operating speed compared to the baseline model.

Figure 23 shows lag mode stabilitycharacteristicsfor the baseline
and optimized con� gurations in forward � ight, at an advance ratio
of 0.3. The rotor was trimmed to a constant thrust (nominal CT =¾
of 0.07), with zero � rst harmonic � apping, and 3 deg of forward
shaft tilt was speci� ed. Again, as in the case of hovering � ight, the
optimized con� guration exhibits increased air resonance stability
margins near the nominal rotor speed.

Figure 24 compares the stability of the baseline con� guration
with that of the optimized design given in Eq. (15), for increasing
advance ratio. It can be seen that the baselinecon� guration exhibits
increasing levels of stability as advance ratio increases. The opti-
mized con� guration follows a similar trend and provides increased
stability over the baseline at all values of advance ratio.

Figure 25 shows the in� uence of variations in roll inertia on air
resonance stability in hover and at an advance ratio of 0.3 for both

Fig. 22 In� uence of optimized con� guration on air resonance stability
in hover.

Fig. 23 In� uence of optimized con� guration on air resonance stability
in forward � ight, ¹ = 0.3.
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Fig. 24 Variationof minimumdampingvs advance ratio; baselineand
optimized con� guration.

Fig. 25 Variation of minimum damping vs roll inertia; air resonance
stability.

the baseline and the optimized design. The stability trends in each
case remain similar to what was observed for the ground contact
condition: A reduction in body roll inertia yields a decrease in sta-
bility.Again, this indicatesthat, if the optimizeddesignhas adequate
stability margins at minimum inertia, increases in body inertia will
only increase the stability margin.

Conclusions
Aeroelasticcouplingshavebeen shown to have a signi� cant in� u-

ence on helicopter aeromechanical instability.Formal optimization
techniques are able to determine the optimal combination of cou-
plings to maximize regressing lag damping. The inclusion of rotor
stiffness properties as concurrent design variables adds power and
� exibility to this optimizationprocess, allowing signi� cant stability
augmentation, without large changes in rotor � ap and lag frequen-
cies. By the utilizationof optimized aeroelastic couplings and rotor
stiffness properties, along with careful selection of body stiffness
and damping properties, a damperless yet aeromechanically stable
design may be possible.

1) The two-stageoptimizationalgorithmdevelopedin the present
study is robust and numerically ef� cient and converges quickly to
the optimal solution.

2) Most of the stabilizingeffect from aeroelasticcouplingparam-
eters is maintained when placing constraints on the rotor rotational
� ap and lag frequencies. By the introductionof the rotor � ap stiff-
ness as a design parameter, the stability margin lost by enforcing
frequency constraints can be largely regained.

3) Concurrently optimizing both aeroelastic couplings and blade
stiffness parameters provides the greatest effectiveness in increas-
ing aeromechanicalstability, while at the same time satisfying con-
straintson rotor � ap and lag frequencies.If a sequentialoptimization
approach is used, optimizing aeroelastic couplingsbefore the blade
stiffness parameters provides a greater increase in stability than the
reverse order of optimizing � rst stiffness then coupling parameters.

4) Relaxing the � ap frequency constraints results in improve-
ments in stability. This is a result of the larger values of pitch–� ap
coupling allowed by the increased upper bound on � ap frequency.
As theconstraintsare furtherrelaxed,the bene� cial effectdecreases.

5) There is no indication of multiple optimal points within the
design space for this problem. This indicates that gradient-based
optimization techniquesare suitable for optimizing aeroelasticcou-
plings and rotor stiffness properties.

6) The optimized con� gurations examined here share with the
baseline model a destabilizing trend with decreasing roll inertia.
The minimum-inertiaconditionis a criticaldesignpoint: If adequate
stability margins are achieved at minimum inertia, any increase in
inertia will increase the stability margin.

7) Reducing the roll stiffness of the landing gear can have a ben-
e� cial effect by reducing the magnitude of the ground resonance
instability. When optimized aeroelastic couplings, rotor stiffness
parameters, landing gear damping, and reduced roll stiffness are
used in combination, there is a potential to stabilize the rotor across
the entire operating range, eliminating the need for auxiliary lag
dampers.

8)Air resonancestabilitymargins are signi� cantlyimprovedin all
optimized con� gurations examined, both in hover and for forward
� ight.
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